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It is shown that IA6 Euler-Calogero-Moser model with certain external potential after the reduc-
tion to the invariant submanifold through the discrete symmetry coincides with the unconstrained
SU(2) Yang-Mills mechanics originated from 4-dimensional SU(2) Yang-Mills theory under the sup-
position of the spatial homogeneity of the gauge elds. Based on this connection the equations of
motion of SU(2) Yang-Mills mechanics in the limit of zero coupling constant are presented in a Lax
form.
I. INTRODUCTION
The Calogero-Sutherland-Moser system [1{3] and its generalizations [4{6] (for a comprehensive review see [7,8])
arise in very dierent areas of theoretical physics like spin chain systems [9], 2-dimensional Yang-Mills theory [10],
black hole physics [11] and many others. Over the past few years remarkable relation between the Calogero-Moser
systems and exact solutions of 4-dimensional supersymmetric gauge theories [12] has been found and the essential
progress has been driven in determination of Seiberg-Witten spectral curves. They were recognized as identical to
the spectral curves for elliptic SU(N) Calogero-Moser system [13]. Furthermore the generalization of these relation
to the N = 2 supersymmetric gauge theories with general Lie algebras and an adjoint representation of matter
hypermultiplet have been derived in [14] (for review of the recent results see e.g. [15]). Nevertheless of the existence
of such a correspondence established on very general grounds, the pattern of relations between gauge theories and
integrable models is steel far from completion. In the present note we would like to point out simple relation existing
between SU(2) Yang-Mills mechanics [16] of spatially homogeneous gauge elds (see also [17], [18] and references
therein) and the Euler-Calogero-Moser model. To nd this relation we use the results of our previous paper [18]
where the unconstrained Hamiltonian system equivalent to the SU(2) gauge invariant Dirac-Yang-Mills mechanics
of spatially homogeneous isospinor and gauge elds has been derived. Beside this results we explore the method to
construct certain generalizations of the Calogero-Sutherland-Moser models elaborated recently by A.Polychronakos
[19]. The proposed method consist in the usage of the appropriate reduction of the original Calogero model by a
subset of its discrete symmetries to invariant submanifold of the phase space.
The outline of our derivation the relations between SU(2) Yang-Mills mechanics and Euler-Calogero-Moser system
is as follows. We will start with demonstration that the unconstrained SU(2) Yang-Mills mechanics presents the
Euler-Calogero-Moser system of type ID3, i.e. the inverse-square interacting 3-particle system with internal degrees
of freedom and related to the root system of simple Lie algebra D3 [7,8] embedded in a fourth order external potential
written in the superpotential form. Presenting the Euler-Calogero-Moser system as the model describing the free
motion on the space spanned by symmetric matrices we show that such 6 6 matrix model after projection onto the
invariant submanifold of the phase space using the certain subset of discrete symmetries is equivalent to the derived
unconstrained SU(2) Yang-Mills mechanics. Finally we give a Lax pair representation for the equations of motion of
SU(2) Yang-Mills mechanics in the limit of zero coupling constant.
II. HAMILTONIAN REDUCTION OF YANG-MILLS MECHANICS
The dynamics of SU(2) Yang-Mills 1-form connection A in 4-dimensional Minkowski space-time M4 is governed by
the conventional local functional







tr F ^ F ; (2.1)
dened in terms of curvature 2-form F
F = dA+ gA ^A ; (2.2)
with coupling constant g. After the supposition of the spatial homogeneity of the connection A
£∂iA = 0 ; (2.3)
the action (2.1) reduces to the action for the nite dimensional model, the so-called Yang-Mills mechanics (YMM)







− V (A) ; (2.4)
The entries of 3 3 matrix A are nine spatial components Aai := Aai of connection A := Yaadt+Aai adxi with Pauli
matricies a and Dt denotes the covariant derivative
(DtA)ai = _Aai + g"abcYbAci : (2.5)
Due to the spatial homogeneity condition (2.3) all dynamical variables Ya and Aai are functions of time only. The





tr2(AAT )− tr(AAT )2 : (2.6)
To express the Yang-Mills mechanics in a Hamiltonian form let us dene the phase space endowed with the canonical








= _Aai + g"abcYbAci : (2.8)








tr2(AAT )− tr(AAT )2+ gYa tr(JaAET ) ; (2.9)
where the matrix (Ja)bc is dened by (Ja)bc = −"abc. According to the denition of the canonical momenta (2.7),
the phase space is restricted by the three primary constraints
P aY = 0 (2.10)
and the evolution of the system is governed by the total Hamiltonian
HT = HC + uaY (t)P
a
Y : (2.11)
The conservation of constraints (2.10) in time entails the further condition on canonical variables
_PYa = 0 −! a = g tr(JaAET ) = 0 ; (2.12)
which reproduces the derivative independent part of conventional non-Abelian Gauss law constraints and obey the
rst class constraints Poisson brackets algebra
fa; bg = "abcc : (2.13)
In order to project onto the reduced phase space let us single out the part of the gauge potentials Aai, which is invariant
under gauge transformations. Because under a gauge transformation the gauge potentials transforms homogeneously
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one can achieve the separation of gauge degrees of freedom using the well known polar decomposition for arbitrary
3 3 matrix
Aai(; Q) = Oak()Qki (2.14)
where Qij is a positive denite 3  3 symmetric matrix and O(1; 2; 3) = eφ1J3eφ2J1eφ3J3 is an orthogonal matrix
O 2 SO(3), which can be viewed as the adjoint representation of the gauge group SU(2) with the matrix realization
for the generators (Jc)ab = −"cab obeying the SO(3) algebra [Ja; Jb] = "abc Jc. Assuming the nondegenerate character
of matrix Aai we can treat the polar decomposition as uniquely invertible transformation from conguration variables
Aai to a new set of six Lagrange coordinates Qij and three coordinates i. The conventional representation of the
elements of the SO(3) group allows to interpret the Euler angles (1; 2; 3) as pure gauge degrees of freedom. The
transformation (2.14) induces a point canonical transformation linear in the new canonical momenta and the new
canonical momenta (Pi := Pφi ; Pik) can be obtained using the generating function
F4(E; ; Q) =
3X
a,i























(OT E + ET O)ik : (2.17)
The eld strength Eai in terms of these new canonical pairs reads
Eai = Oak()Lki (Pa; Pij ; ; Q) (2.18)




(Lij + Lji) (2.19)
while its antisymmetric part is
1
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γik = Qik − ik trQ : (2.22)
















P1 − sin 3 P2 − cot2 cos3 P3 ; (2.25)
L3 = P3 : (2.26)
are three left-invariant vector elds on SO(3).
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After the reformulation of the theory in terms of these variables one can easily achieve the Abelianization of
secondary Gauss law constraints and thus by straightforward projection reduce theory to the physical phase space
without any constraints. Using the representations (2.14) and (2.23) one can convince oneself that the variables Qij
and Pij make no contribution to the secondary constraints (2.12)
a = Oab() Lb = 0 : (2.27)





0@ sin φ1sin φ2 ; cos1 ; − sin1 cot2− cosφ1sin φ2 ; sin 1 ; cos1 cot2
0 ; 0 ; 1
1A : (2.28)
is just the matrix of Abelianization and the set of Abelian constraints equivalent to Gauss law (2.12) is
~a = Pa = 0 : (2.29)
After having rewritten the model in this form, the construction of the unconstrained Hamiltonian system is as follows.




= Oak() Eki(Qab; Pab) ; (2.30)
the physical unconstrained Hamiltonian HphysY MM := HC(OabPab)

CS








tr2Q2 − trQ4 : (2.31)
Using the representation (2.23) for the eld strengths we nd the explicit form for the \physical" electric eld
strength in terms of Qab and Pab
Eik(Qab ; Pab) = Pik + 1det γ (γJsγ)ik Js (2.32)
where the Js are SO(3) generators and Js is the gauge eld spin vector Js = 12"smn(QP )mn : With (2.32) the




trP 2 − 1
det2 γ




tr2Q2 − trQ4 ; (2.33)
where Mmn = "mnsJs denotes the spin tensor.
In order to achieve our nal goal we perform a canonical transformation expressing the physical coordinates Qab
and Pab in terms of new variables. We decompose the nondegenerate symmetric matrix Q as
Q = RT (1; 2; 3)D R(1; 2; 3) (2.34)
with the SO(3) matrix R parameterized by the three Euler angles i := (1; 2; 3) and the diagonal matrix D =
diag (x1; x2; x3) : The corresponding canonical conjugate momenta (pi; pχi) can be found by using the generating
function
F [xi; i; P ] = tr (QP ) = tr




















where i are the diagonal members of the orthogonal basis for symmetric 3  3 matrices A = (i; i) i = 1; 2; 3
under the scalar product
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(a ; b) = tr(a ; b) = ab ; (a ; b) = tr(a ; b) = 2ab ; (a ; b) = tr(a ; b) = 0 : (2.37)











with Ps = ps,
Pi = −12
i
xj − xk ; (cyclic permutation i 6= j 6= k) (2.39)
and the SO(3) right-invariant Killing vectors
R1 = pχ1 ; (2.40)








They satisfy the Poisson bracket algebra
fa; bg = "abcc : (2.43)






























Note that the potential term in (2.46) has a symmetry beyond the cyclic one. This fact allows us to write
V (x1; x2; x3) in the form
V (x1; x2; x3) = @a’@a’ ; a = 1; 2; 3 (2.47)
with superpotential ’ = x1x2x3 and @a := ∂∂xa .
This completes our reduction of the spatially homogeneous constrained Yang-Mills system to the equivalent un-
constrained system describing the dynamics of the physical dynamical degrees of freedom. We see that the reduced
Hamiltonian HphysY MM is exactly the Hamiltonian of Euler-Calogero-Moser system of type ID3, i.e. is of inverse-square
interacting 3-particle system with internal degrees of freedom and related to the root system of simple Lie algebra D3
[7,8] embedded in a fourth order external potential represented in superpotential form.
III. EULER-CALOGERO-MOSER SYSTEM AS A FREE MOTION ON SPACE OF SYMMETRIC
MATRICES
In order to establish the relation between Yang-Mills mechanics and Euler-Calogero-Moser system let us consider
the Hamiltonian system with the phase space spanned by N  N symmetric matrices X and P with noncanonical
symplectic form
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fXab; Pcdg = 12 (acbd − adbc) : (3.1)




trP 2 : (3.2)
The following statement is fullled :












(xi − xj)2 : (3.3)
This system is the spin generalization of the Calogero-Moser model and is known as Euler-Calogero-Moser model [6].
Particles are described by their coordinates xi and momenta pi together with internal degrees of freedom of angular
momentum type lij = −lji. The nonvanishing Poisson brackets are
fxi; pjg = ij (3.4)
flab; lcdg = 12 (aclbd − adlbc + bdlac − bclad) ; (3.5)
The analogous model has been introduced earlier in [5] where the internal degrees of freedom satisfy the following
Poisson brackets relations
flab; lcdg = bclad − adlcb : (3.6)
For the general elliptic version of Euler-Calogero-Moser system the action-angle type variables have been constructed
and the equations of motion have been solved in terms of Riemannian theta-functions [20]. The canonical symplectic
form of this model are represented in terms of algebra-geometric data [21] using the general construction of Krichever
and Phong [22].
To nd the specic set of coordinates in which the Hamiltonian (3.2) coincides with Euler-Calogero-Moser Hamil-
tonian (3.3) let us introduce new variables
X = O−1()Q(q)O() ; (3.7)
where the matrix orthogonal matrix O(q) is parameterized by N(N−1)2 elements, e.g. Euler angles (1;    ; N(N−1)2 ),
Q = diagkq1;    ; qNk is a diagonal matrix. This point transformations induces the canonical one which we can obtain
using the generating function
F4 =
h
P; q1;    ; qN ; 1;    ; N(N−1)
2
i











where the matrices (a; ij) form an orthogonal basis in space of symmetric N N matrices under the scalar product
(a; b) = tr(a b) = ab ; (3.10)
(ij ; kl) = tr(ijkl) = 2ikjl ; (3.11)
(a; ij) = tr(aij) = 0 (3.12)





xa − xb : (3.13)
From this it is clear that the Hamiltonian (3.2) coincides with the Euler-Calogero-Moser Hamiltonian (3.3).
6
The integration of Hamilton equations of motion
_X = P ; (3.14)
_P = 0 (3.15)
derived with the help of Hamiltonian (3.2) gives the solution of Euler-Calogero-Moser Hamiltonian system as follows.
For x-coordinates we need to compute the eigenvalues of matrix X = X(0) + P (0)t while the orthogonal matrix O
which diagonalizes X determines the time evolution of internal variables.
IV. RELATION BETWEEN YANG-MILLS MECHANICS AND EULER-CALOGERO-MOSER SYSTEM
In this section we shall demonstrate how SU(2) Yang mills mechanics arises from the higher dimensional matrix
model after projection on certain invariant submanifold determined by the discreet symmetries. Let us consider the
classical Hamiltonian system of N particles on a line with internal degrees of freedom embedded in external eld with












(xi − xj)2 + V (x1; x2; : : : ; xN ) : (4.1)
The particles are described by their coordinates xi and momenta pi together with the internal degrees of freedom of
angular momentum type lij = −lji. The nonvanishing Poisson brackets are
fxi; pjg = ij (4.2)
flab; lcdg = aclbd − adlbc + bdlac − bclad ; (4.3)
We choose the potential in the following form
V (x1; x2; : : : ; xN ) = detXtr(X−2) : (4.4)
One can see that this potential can be represented as








Bellow we treat the internal degrees of freedom entering in the Hamiltonian (4.1) in the form
lab = yab − yba (4.7)
where internal variables ya and a combine the canonical pairs with the canonical symplectic form. The Hamiltonian
(4.1) has the following discrete symmetries [19]:







































where M is the element of permutation group SN . The submanifold of phase space dened as
xa + xN−a+1 = 0 ; (4.10)
pa + pN−a+1 = 0 ; (4.11)
ya + yN−a+1 = 0 ; (4.12)
a + N−a+1 = 0 : (4.13)
is invariant under the action of the symmetry group z = D(z) where
D = P M (4.14)
and M is specied as
M(a) = N − a + 1 : (4.15)
In order to project to the manifold described by constraints (4.10)-(4.13) we use the Dirac method to deal with the
second class constraints. Let us introduce the Dirac brackets between the arbitrary functions F and G of all variables
(xa; pa; ya; a) as
fF ; GgD = fF ; Gg − fF ; ZagfZa ; Zbg−1fZb ; Gg (4.16)




(xa + xN−a+1) ; a =
1p
2




(pa + pN−a+1) ; a =
1p
2
(a + N−a+1) ; (4.18)
with the canonical algebra
fa; bg = fa; bg = fa; bg = fa; bg = 0 ; (4.19)
fa; bg = ab ; (4.20)
fa; bg = ab : (4.21)
Thus the fundamental Dirac brackets are
fxa; pbgD = 12ab ; (4.22)
fya; bgD = 12ab : (4.23)
After the introduction these new brackets one can treat all constraints in the strong sense. Letting the constraints






























(xa − xb)2 (4.25)
which coincides with the Hamiltonian of SU(2) Yang-Mills mechanics for N = 6. In the derivation we take into
account that due to the restriction of superpotential (4.6) to the constraint shell (4.10)-(4.13) the potential term
reduces to the potential of Yang-Mills mechanics
V (x1;    ; x6)CS = 12 (x21x22 + x21x23 + x22x23 : (4.26)
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V. LAX PAIR REPRESENTATION FOR YANG-MILLS MECHANICS IN ZERO COUPLING LIMIT
The conventional perturbative scheme of non-Abelian gauge theories starts with zero approximation of free particle
motion. In this section we state the solution of the corresponding zero coupling limit in Yang-Mills mechanics in the
form of Lax representation. The relation between (4.1) and (4.24) allows to construct the Lax pair for the free part
of the Hamiltonian (4.24) (g = 0) using the known Lax pair for Euler-Calogero-Moser system (4.1) without external
potential term (g = 0).












(xa − xb)2 (5.1)
is in the form
Lab = paab − (1− ab) lab
xa − xb ; (5.2)
Aab = (1− ab) lab(xa − xb)2 : (5.3)
The equation of motions in Lax form are
_L = [A; L] ; (5.4)
_l = [A; l] ; (5.5)
where the matrix (l)ab = lab.
Introduction of the Dirac brackets allows to use the Lax pair for original higher dimensional Euler-Calogero-Moser
model by their projection of onto the constraint shell a = 0; a = 0; a = 0; a = 0
LECMNN jCS = LY MM ; (5.6)
AECMNN jCS = AY MM : (5.7)




p1 − l12x1−x2 − l13x1−x3 l13x1+x3 l12x1+x2 0
− l12x1−x2 p2 − l23x2−x3 l23x2+x3 0 − l12x1+x2





0 −p3 − l23x2−x3 − l13x1−x3
l12
x1+x2
0 − l23x2+x3 − l23x2−x3 −p2 − l12x1−x2









(x1−x3)2 − l13(x1+x3)2 − l12(x1+x2)2 0
− l12(x1−x2)2 0 l23(x2−x3)2 − l23(x2+x3)2 0 l12(x1+x2)2





0 0 − l23(x2−x3)2 − l13(x1−x3)2
l12
(x1+x2)2
0 − l23(x2+x3)2 l23(x2−x3)2 0 − l12(x1−x2)2
0 − l12(x1+x2)2 − l13(x1+x3)2 l13(x1−x3)2 l12(x1−x2)2 0
1CCCCCCCCCA
(5.9)
The equations of motion for SU(2) Yang-Mills mechanics in zero constant coupling limit read in the Lax form as
_LY MM = [AY MM ; LY MM ] ; (5.10)
_lY MM = [AY MM ; lY MM ] ; (5.11)
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where the matrix lY MM is
lY MM =
0BBBBBB@
0 l12 l13 −l13 −l12 0
−l12 0 l23 −l23 0 l12
−l13 −l23 0 0 l23 l13
l13 l23 0 0 −l23 −l13
l12 0 −l23 l23 0 −l12
0 −l12 −l13 l13 l12 0
1CCCCCCA : (5.12)
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